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• We demonstrated that ICA provides better 
interpretability than PCA, and that 
normalization enhances this interpretability.
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• For embeddings 𝑿 ∈ ℝ𝑛×𝑑 (𝑛 words, 𝑑-dim), 
the PCA-transformed embeddings are 𝒁 = 𝑿𝑨.
FastICA [Hyvärinen, 1999] computes 
the orthogonal matrix 𝑹 ∈ ℝ𝑑×𝑑 for 
the ICA-transformed embeddings 𝑺 = 𝒁𝑹.

• The axes of the 
ICA-transformed 
embeddings are 
interpretable
[Musil+2024].

Example Bar graphs of normalized GloVe 
embeddings (ultraviolet, light, and their 
component-wise products) are shown 
for ICA and PCA. The top five axes of the 
ultraviolet embedding are highlighted.

Cosine Similarity The ICA-
transformed embedding of a 
word 𝑤𝑖, denoted by 𝒔𝑖 ∈ ℝ𝑑, 
is normalized to ො𝒔𝑖:

ො𝒔𝑖 = 𝒔𝑖/ 𝒔𝑖 = … , Ƹ𝑠𝑖
ℓ
, … .

For words 𝑤𝑖 and 𝑤𝑗,

cos(𝑤𝑖 , 𝑤𝑗) = ො𝒔𝑖
⊤ො𝒔𝑗 =෍

ℓ=1

𝑑

Ƹ𝑠𝑖
ℓ
Ƹ𝑠𝑗
ℓ
.

The normalized PCA-
transformed embedding ො𝒛𝑖 
satisfies ො𝒛𝑖 = 𝑹ො𝒔𝑖 . Then

ො𝒛𝑖
⊤ො𝒛𝑗 = ො𝒔𝑖

⊤ො𝒔𝑗 = cos(𝑤𝑖 , 𝑤𝑗) .

Interpretation The 
semantic similarity on the 
ℓ-th axis is defined as:

semℓ 𝑤𝑖 , 𝑤𝑗 ≔ Ƹ𝑠𝑖
ℓ
Ƹ𝑠𝑗
ℓ
.

We interpret cos(𝑤𝑖 , 𝑤𝑗) as 

the sum of semℓ 𝑤𝑖 , 𝑤𝑗 :

Axis Selection Using Distributions The 𝑝-value
𝑝1 can be computed for each axis. To select from 
𝑑 axes, we account for the multiplicity issue 
(Bonferroni correction) and use 𝑝𝑑 = min 𝑑𝑝1, 1 .
We compare the top components for ultraviolet 
and light with 𝛼 = 0.05.

Normalization We compute the 
median of interpretability scores 
for each axis by the word 
intrusion task [Sun et al., 2016].

•  ICA outperforms PCA.

Component Values

Component values are 
averaged after sorting 
in descending order 
(a) along embeddings 
and (b) along axes.

Both shows larger 
top values for ICA.

Distribution of Products 
The probability density function 

of Ƹ𝑠𝑖
ℓ
Ƹ𝑠𝑗
ℓ

(𝑖 ≠ 𝑗, Ƹ𝑠𝑖
ℓ
⊥ Ƹ𝑠𝑗

ℓ
) is

Ƹ𝑠𝑖
ℓ
Ƹ𝑠𝑗
ℓ
∼ 𝑑/𝜋 𝐾0 𝑑 Ƹ𝑠𝑖

ℓ
Ƹ𝑠𝑗
ℓ

,

where 𝐾0(⋅) is the modified 
Bessel function of the second 
kind of order zero．

Histogram fits with the curve．

]

ICA results in more statistically significant axes.

Cosine similarity is 
computed using the 

top 𝑘 in Ƹ𝑠𝑖
ℓ
Ƹ𝑠𝑗
ℓ

ℓ=1

𝑑
 

for word similarity & 
analogy tasks.
 

 ICA shows greater 
sparsity than PCA.

Component-wise Products 

•  Normalization
 improves
 further.

• We proposed interpreting 
cosine similarity as the 
sum of semantic 
similarities across axes.

• By deriving probability distributions, we proposed 
a method to select statistically significant axes. 
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cos(𝑤𝑖 , 𝑤𝑗) =෍

ℓ=1

𝑑

semℓ 𝑤𝑖 , 𝑤𝑗 .

e.g. for ultraviolet and light,
the semantic similarity on 
the [spectrum] axis is
semℓ ultraviolet, light = 0.296.

additive compositionality 
of semantic similarities 

Distribution of Components 

Ƹ𝑠𝑖
ℓ

follows a normal distribution

Histogram fits with the curve.

mean: 0
variance: 1/𝑑

(a)

(b)

Ƹ𝑠𝑖
ℓ
∼ 𝒩 0,1/𝑑 .
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The [spectrum] value is emphasized.

Sum of the products = cosine similarity.
ICA shows greater sparsity than PCA.

PCA

300-dim GloVe

magnified


	スライド 1

